
 

MTH265LN2CWeek2FridaylectureNotes
ComparisonTestandlimitcomparisontests

Proposition1 ComparisonTestCT LetIan andIbnbeserieswithpositiveterms

If Ibnisdivergentandan2bnforalln then Ian Bdivergent
If IbnisconvergentandanEbnforalln thenIan isconvergent

ProofSketch Wecangetthisresultbycomparingthesequenceofpartialsumssin
letSn and PnbethesequenceofpartialsumsofIanandIbn respectively
AssumethatanandbnarepositiveforallnThen Shand Pn arebothincreasingsequences
If Ibnisdivergent nlimoP D

Assuminganzbnthennlimos'n D sinceshePnfralln
AssumethatIbn isconvergentandletB Ibn findPn
There'satheoremcalledtheMonotoneConvergenceTheorem MCTthatsays
ifasequenceisincreasingandboundedabovethenthesequenceconverges
Since Pn isincreasing PpE B falln AssuminganEbn ShePnEBforalln
Therefore ISn isboundedFromearlierShisincreasingByMCThimsnexists
Ian isconvergent

NoteWetypicallyusepseriesorgeometricseriesforComparisonTests

Example1.1 DeterminetheconvergenceofInanatant
Forn 1 2n t4h 3 22h2 0 ThenOCgptqp.ptIntand2,24ft
WeknowthatIFheconvergessinceit'sapserieswithp2 1 Then É E converges

BytheComparisonTestwith10 I aft converges

Example1.2 DeterminetheconvergenceofIgpg
Sincen 3 n 270Then n n 2 0andO c f cFa
SinceIn'isdivergent IIEyBdivergentbytheComparisonTest



Example1.3 DeterminetheconvergenceofIT It
Farn 3 n s e r2.718 SinceInx isincreasing Inn Ince 1

sincenispositive Mfd I 0 weknowthat IIndivergesByCT IMYdiverges
ThereforeÉMIdiverges

NonExample1,4DeterminetheconvofIt zpzo.fi
Wewanttocomparethisto Ipabutfrn 1 3ns 3h220h
Forn27 both3h and3h2 20harepositiveSo3htyping i

Wecan'tusetheComparisonTesthere

Proposition2ThelimitComparisonTestLCT LetIanandIbnbeserieswithpositiveterms

Ifdirtyaf ispositiveandfinitethen IanandIbnbothconvergeortheybothdiverge

ProofSketch Sinceanandbnarepositiveforalln Ibnisdefinedandpositivefalln
AssumehimInexistsandispositiveLetcentimoban
Sincec 0 thereexistsMMEIRpositivesuchthatmc c M egM CandM2c

BydefinitionoflimitMsometailsequence Inngof Fn mcGnCMforallnz n
Then mbnc an Mbn Considertheseries Imbnand IMbn
IfIbnisdivergent Imbaisdivergent
WithmbncanforallneN IandivergesbytheComparisonTest
If Ibn isconvergent IMbnisconvergent
Withan MbnfrallneN Ian convergesbytheComparisonTest

Example2.1 DeterminetheconvergenceofÉargon
letan 3M20nsandletbn n2 WeknowthatÉbn Ifheisconvergentasapserieswithpsi
Then
himang him137,21 himanthon 3

sinceOct o ImajorconvergesbytheLCT



Example2.2DeterminetheconvergenceofIoant
letan 21 1 andbn E 2n
ObservethatIgbo É2 convergesasageometricserieswith Irl c 1
Then
him ang him 4 1 himahh him 17 1

Since0c i d I in convergesbytheLCT

Nonexample2.3DeterminetheconvergenceofEInatant
Thefollowingtestsareinvalid

Letbn I Invalidsincebnisnotpositiveforalln
Letbn ta InvalidsincehimFn himnaija o ethishastobepositive

letbn pts Invalidsincehimfr nlimonatant D ethelimitdoesnotexist

Nonexample2.4TheComparisonTestandthelimitcomparisonTestcannotbeappliedtotheseriesÉcD f
sincedanaisnegativefralln

Example2.5 DeterminetheconvergenceofÉnight
letan pts Observethatforn23 anispositive

Also asnow pits aFz i.ethetermXPwithpalandpmaximaldominatesasn

letbn F n3 Then I II convergesasapserieswithp 1
Then
him9 himisn'tEn alia E Tn t o

BythelimitComparisonTest I pig converges

Proposition3 Letpoxbeanypolynomialinx leta 0
ThenthereexistsNt I suchthatfrallnzni n pen Similarlyforn apen
Furthermore

him R1 0 andlimaft 0

ThistellsusthattheComparisonTestandthelimitComparisonTestcantbeusedfrIft againstpseries ageometricseries


